This paper addresses on an linear matrix inequality (LMI) formulation of the robust waypoint tracking problem of large diameter unmanned underwater vehicles (LDUUVs) in the horizontal plane. The interested design issue can be reformed as the robust asymptotic stabilization of the provided error dynamics with respect to the desired yaw angle, surge speed and attitude. Sufficient conditions for its robust asymptotic stabilizability against the hydrodynamic uncertainties are derived in the format of LMI. An example is provided to testify the validity of the proposed theoretical claims.
Introduction
Recently, several techniques involving the control of unmanned underwater vehicles (UUVs) have been proposed in [1] - [7] , which are based on their mathematical model. The mathematical model contains hydrodynamic forces and moments expressed in terms of a set of hydrodynamic coefficients [13] . These hydrodynamic coefficients are usually empirically determined, and thereby its exact estimation is virtually impossible. From this reason, the robust control of uncertain UUVs is one of the most important research issues. However, unfortunately, there is still a lack in design methods based on linear matrix inequality (LMI) for uncertain UUVs.
The objective of this study is to present an LMI-based design methodology for the horizontal waypoint tracking control of a class of large diameter UUVs (LDUUVs) with the hydrodynamic uncertainties while keeping its the desired surge speed and attitude. The proposed approach is an extension of [7] to uncertain LDUUVs. The concerned problem can be viewed as the robust asymptotic stablilization of the uncertain error dynamics in terms of the desired yaw angle, surge speed, and attitude. It is shown that two control inputs of uncertain LDUUVs, the rudder angles and the propeller thrust can be separately designed. Finally, sufficient LMI conditions for the robust asymptotic stabilization of uncertain LDUUVs are provided in the sense of Lyapunov stability criterion.
is the maximum (minimum) eigenvalue of matrix .   denotes th row of the matrix .  is defined as
indicates the integer set ⋯. Symbol  denotes a transposed element in a symmetric position.
Preliminaries
Consider a class of LDUUVs [8] - [10] with uncertain hydrodynamic coefficients described by the horizontal model
where        ∈ℜ  ,        ∈ℜ  ,  is the inertial coordinates of the center of mass, ψ is the yaw angle,  and  are the surge and the sway velocities, respectively, and  is the angular velocity in yaw, ∈ℜ  ×  is a frame transformation, ∈ℜ  ×  includes mass and hydrodynamic added mass terms and ∈ℜ  captures Corioliscentripetal matrices including the added mass and a damping matrix, τ is the control actuator forces with the propeller thrust ξ, and    ∈ℐ  is the rudder angles, and
 and  are uncertainties. In detail, the terms , , , , , and  are given by 
Problem 1: Consider uncertain LDUUV (1) and (2) .
Suppose that the criteria for updating the waypoint is to
Then, given the desired constant surge velocity   ∈ℜ   and the desired line of sight (LOS) to be the horizontal plane angle defined as
design ξ and    ∈ℐ  such that ‖   ‖ , ‖  ψ ‖ , ‖‖, and ‖‖ robustly asymptotically converge to zero against the hydrodynamic uncertainties, where        and        .
Main Results
Before proceeding to our main results, the following propositions and the lemmas will be needed throughout the proof:
Proposition 1: Consider (1) and (2). Define  
An augmented error system can be represented by
(see [7] for more details). It follows from (2) and
Taking the change of variables with      results in (4) . 
where  is the controller gains to be determined and ∈ℜ   . Then the closed-loop system becomes
Proof: By substituting (5) and (6) into (4), we have (7) and (8) . ■ Proposition 3: It is true that (1) and (2) under (5) and (6) . Let (1) and (2) under (5) and (6) 
Note that from Lemma 1,
Then, by using from Lemma 2, it can be shown that there
From the fact that (6) is robustly asymptotically stable. Also, it is not hard to see that by Schur complement, LMI    ⇒ ⊂   ×   ×   ×   ×   ×   . Therefore, if LMIs (9), (10), (11) , and (12) hold, then the robust asymptotic stability of the closed-loop system of (1),
for some ∈ℜ   and           ∈ℐ  ×ℐ  ×ℐ  ×ℐ  .
An Example
For the given    ,   , and         sin       cos         on ∈  , our goal is to determine  in (5) so that ‖   ‖ , ‖  ψ ‖ , ‖‖, and ‖‖ of uncertain LDUUV (1) and (2) under (5) and (6) with    robustly asymptotically converge to zero.
Suppose that Δ   , Δ   ,     , ∈ℐ  ,
in which ∥∥ . Then, solving LMIs (9), (10), (11) , and      . As shown in these figures, the LDUUV (1) and
(2) under (5) and (6) successfully tracks all waypoints while keeping the desired surge speed   and its attitude.
Conclusions
This paper has proposed an LMI formulation of robust waypoint tracking problem for a class of uncertain LDUUVs while keeping its surge speed and attitude. Differently from the prior LMI approach [7] , the proposed approach incorporates uncertainties on the hydrodynamic coefficients into design. The theoretical claims has been successfully verified in the given numerical example.
Appendix 1
This paper uses the following hydrodynamic coefficients, obtained by CFD and empirical formulations, of LIG Nex1 LDUUV model:
